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Collocation methodAbstract In this paper, we present a numerical method based on an NM-set of general hybrid of
block-pulse function and Taylor series (HBT), to solve linear Fredholm fuzzy integral equations of
the second kind (FFIE-2). Moreover, the convergence of the proposed method is given. Numerical
results with comparisons are given to conﬁrm the reliability of the proposed method for solving
these equations.
 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Topics of fuzzy integral equations (FIEs) which growing inter-
est for some time, in particular in relation to fuzzy control,
have been rapidly developed in recent years. Particularly, they
have been studied by Kaleva [1], Goetschel and Voxman [2],
Nanda [3], Ralescu and Adams [4], Wang [5], Bede and Gal
[6], and others. The fuzzy Riemann integral and its numerical
integration was investigated by Wu in [7].
Recently, Molabahrami et al. [8] have used the parametric
form of a fuzzy number and they have converted a linear fuzzy
Fredholm integral equation to two linear systems of integral
equations of the second kind in the crisp case.HBT approach for solving linear Fredholm integral equa-
tions has been presented by Maleknejad and Mahmodi [10]
and then has been extended by Marzban and Razzaghi to mul-
ti-delay systems [9]. Recently, Mirzaee and Hoseini have been
used the HBT method to ﬁnd approximate solutions of nonlin-
ear Volterra and Fredholm integral equations [11].
The aim of this paper is applying, for the ﬁrst time, the
HBT approach to obtain approximate solution for the linear
Fredholm fuzzy integral equations of the second kind. Also,
we obtain the convergence in the approximating of the
solution of FFIE-2. Finally, we check the method on some
examples to show its accuracy and efﬁciency.
2. Brief review of HBT
Deﬁnition 1. Consider the Taylor polynomials TmðtÞ ¼ tm;
m ¼ 0; 1; 2; . . . on the interval [0,1]. A set of block-pulse
functions UiðtÞ; i ¼ 0; 1; 2; . . . ;m and the set of functions
hijðtÞ; i ¼ 1; 2; 3; . . . ;N and j ¼ 0; 1; 2; . . . ; ðM 1Þ that
632 F. Mirzaeeproduces by HBT on I ¼ ½0; 1Þ are deﬁned as follows
respectively:
UiðtÞ ¼
1; i1
m
6 t < i
m
0; otherwise

ð1Þ
hijðtÞ ¼
TjðNt iþ 1Þ; i1N 6 t < iN
0; otherwise

ð2Þ
where i and j are the order of block-pulse functions and Taylor
polynomials, respectively [10,11].2.1. Function approximation
A function fðtÞ 2 L2ðIÞ can be approximated as:
fðtÞ ¼
X1
i¼1
X1
j¼0
fijhijðtÞ; ð3Þ
where
fij ¼ ðfðtÞ; hijðtÞÞðhijðtÞ; hijðtÞÞ ¼
1
Njj!
djfðtÞ
dtj
 
i
N
; ð4Þ
that ð; Þ denotes the inner product. If we consider the trun-
cated series in Eq. (3), then Eq. (3) can be written as:
fðtÞ ’
XN
i¼1
XM1
j¼0
fijhijðtÞ ¼ FTHðtÞ; ð5Þ
where
F ¼ ½f10; . . . ; f1ðM1Þ; f20; . . . ; f2ðM1Þ; . . . ; fN0; . . . ; fNðM1ÞT; ð6Þ
and
HðtÞ ¼ ½h10ðtÞ; . . . ; h1ðM1ÞðtÞ; h20ðtÞ; . . . ; h2ðM1ÞðtÞ; . . . ; hN0ðtÞ;
. . . ; hNðM1ÞðtÞT: ð7Þ
We can also approximate the function kðx; tÞ 2 L2ðI IÞ as
follows:
kðx; tÞ ’ HTðxÞKHðtÞ; ð8Þ
where K ¼ ½kij is an NMNM matrix that
kij ¼ ðhijðxÞ; ðKðx; tÞ; hijðtÞÞÞðhijðxÞ; hijðxÞÞðhijðtÞ; hijðtÞÞ
¼ 1
Nrþmr!m!
@iþjkðx; tÞ
@xi@tj
 
ðx;tÞ¼ð iN; iNÞ
: ð9Þ
Such that i; j ¼ 0; 1; 2; . . . ;NM 1; r ¼ i i
N
 
N and
m ¼ j j
N
 
N.
2.2. The integration of the cross product
The integration of the cross product of two HBT vectors can
be obtained by:
D ¼
Z 1
0
HðtÞHTðtÞdt: ð10Þ
For the HBT, D has the following form:
D ¼
D1 0 . . . 0
0 D2 . . . 0
..
. ..
. . .
. ..
.
0 0 . . . DN
0
BBBB@
1
CCCCA
NMNM
; ð11Þwhere Di is deﬁned as follows:
Di ¼ 1
N
Z 1
0
TðtÞTTðtÞdt; i ¼ 1; 2; . . . ;N; ð12Þ
where TðtÞ ¼ ½T0ðtÞ;T1ðtÞ; . . . ;Tm1ðtÞT.
3. Fuzzy deﬁnitions
We now recall some deﬁnitions needed through the paper.
Deﬁnition 2 [1]. A fuzzy number is a set v : R1 ! I ¼ ½0; 1
which satisﬁes:
 v is upper semi continuous,
 vðxÞ ¼ 0 outside some interval ½c; d,
 there are real numbers a; b : c 6 a 6 b 6 d for which
– vðxÞ is monotonic increasing on ½c; a,
– vðxÞ is monotonic decreasing on ½b; d,
– vðxÞ ¼ 1; a 6 x 6 b.The set of all such fuzzy number is denoted by RF.
Deﬁnition 3 [1]. Let V be a fuzzy set on R. V is called a fuzzy
interval if:
 V is normal: there exists x0 2 R such that V ðx0Þ ¼ 1.
 V is convex: for all x; t 2 R and 0 6 k  1, it holds that
V ðkxþ ð1 kÞtÞP minfV ðxÞ; V ðtÞg.
 V is upper semi-continuous: for any x0 2 R, it holds that
V ðx0ÞP limx!x
0
V ðxÞ.
 ½V 0 ¼ Clfx 2 RjV ðxÞ > 0g is a compact subset of R.
The a-cut of a fuzzy interval V, with 0 < a 6 1 is the crisp
set, ½V a ¼ fx 2 RjV ðxÞ > ag.
For a fuzzy interval V, its a-cuts are closed intervals in R.
Let denote them by ½V a ¼ ½V ðaÞ; V ðaÞ.
An alternative deﬁnition or parametric form of a fuzzy
number which yields the same RF is given by Kaleva [1] as
follows:
Deﬁnition 4 [12]. An arbitrary fuzzy number u in the paramet-
ric form is represented by an ordered pair of functions
ðuðrÞ; uðrÞÞ which satisﬁes the following requirements:
 uðrÞ is a bounded left-continuous non-decreasing function
over ½0; 1,
 uðrÞ is a bounded right-continuous non-increasing function
over ½0; 1,
 uðrÞ 6 uðrÞ, for all 0 6 r  1.
For arbitrary fuzzy numbers v ¼ ðvðrÞ; vðrÞÞ;w ¼ ðwðrÞ;
wðrÞÞ and real number k, one may deﬁne the addition and
the scalar multiplication of the fuzzy numbers by using the
extension principle as follows:
 v ¼ w if and only if vðrÞ ¼ wðrÞ and vðrÞ ¼ wðrÞ,
 v	 w ¼ ðvðrÞ þ wðrÞ;vðrÞ þ wðrÞÞ,
 ðk
 vÞ ¼ ðkvðrÞ; kvðrÞÞ kP 0;ðkvðrÞ; kvðrÞÞ k < 0:

.
Numerical solution of Fredholm fuzzy integral equations 633Deﬁnition 5 [13]. For arbitrary numbers ~v ¼ ðvðrÞ; vðrÞÞ and
~w ¼ ðwðrÞ; wðrÞÞ
Dð~v; ~wÞ ¼ max sup
06r61
vðrÞ  wðrÞj j; sup
06r61
vðrÞ  wðrÞj j
 
;
in the distance between ~v and ~w. It is proved that ðRF;DÞ is a
complete metric space with the following properties [13].
 Dð~u	 ~w;~v	 ~wÞ ¼ Dð~u;~vÞ ; 8~u;~v; ~w 2 RF .
 Dðk 
 ~u; k 
 ~vÞ ¼ jkjDð~u;~vÞ ; 8~u;~v 2 RF 8k 2 R.
 Dð~u	 ~v; ~w	 ~eÞ 6 Dð~u; ~wÞ þ Dð~v;~eÞ ; 8~u;~v; ~w;~e 2 RF .
Deﬁnition 6 [14]. Let f; g : ½a; b ! RF, be fuzzy real number
valued functions. The uniform distance between f; g is deﬁned
by:
DUðf; gÞ ¼ supfDðfðxÞ; gðxÞÞjx 2 ½a; bg: ð13Þ
In [2], the authors proved that if the fuzzy function, fðtÞ, is
continuous in the metric D, its deﬁnite integral exists and also,
Z b
a
fðt; rÞdt ¼
Z b
a
fðt; rÞdt;
Z b
a
fðt; rÞdt ¼
Z b
a
fðt; rÞdt:
Deﬁnition 7 [15]. A fuzzy real number valued function
f : ½a; b ! RF is said to be continuous in x0 2 ½a; b, if for each
 > 0 there is d > 0 such that DðfðxÞ; fðx0ÞÞ < , whenever
x 2 ½a; b and jx–x0j < d. We say that f is fuzzy continuous
on ½a; b if f is continuous at each x0 2 ½a; b and denote the
space of all such functions by CFð½a; bÞ.
Deﬁnition 8 [14]. Let f : ½a; b ! RF be a bounded function,
then function x½a;bðf; :Þ : Rþ
Sf0g ! Rþ,
x½a;bðf; dÞ ¼ supfDðfðxÞ; fðyÞÞjx; y 2 ½a; b; jx–yj 6 dg; ð14Þ
where Rþ is the set of positive real numbers, is called the mod-
ulus of continuity of f on ½a; b.
Deﬁnition 9 [14]. Let f : ½a; b ! RF; f is fuzzy-Riemann inte-
grable in I 2 RF if for any  > 0, there exists d > 0 that for
any division P ¼ f½u; v; ng of ½a; b with the norms DðpÞ < d,
we have:
D
X
p
ðv–uÞ 
 fðnÞ; I
 !
< ; ð15Þ
where
P
denotes the fuzzy summation. In this case it is de-
noted by I ¼ ðFRÞ R b
a
fðxÞdx.
Lemma 1 [14]. If f; g : ½a; b#R! RF are fuzzy continuous
functions, then the function F : ½a; b ! Rþ that
FðxÞ ¼ DðfðxÞ; gðxÞÞ is continuous on ½a; b and we have
D ðFRÞ
Z b
a
fðxÞdx; ðFRÞ
Z b
a
gðxÞdx
 
6
Z b
a
DðfðxÞ; gðxÞÞdx:4. Fuzzy Fredholm integral equations
In this section, the fuzzy integral equations of the second kind
are introduced. The Fredholm fuzzy integral equation of the
second kind is [16]
~uðxÞ ¼ ~fðxÞ þ k
Z b
a
kðx; tÞ~uðtÞdt; ð16Þ
where k > 0, kðs; tÞ is an arbitrary kernel function over the
square a 6 s, t 6 b and ~uðxÞ, ~fðxÞ are fuzzy functions on
½a; b. If ~fðxÞ is a crisp function then the solutions of Eq. (16)
is crisp .However, if ~fðxÞ is a fuzzy function then this equation
may only possess fuzzy solutions. Sufﬁcient conditions for the
existence of a unique solution to the fuzzy Fredholm integral
equations of the second kind, i.e. Eq. (16), where ~fðxÞ is fuzzy
function, have been given in [16]. In order to design a numer-
ical scheme for solving Eq. (16), we ﬁrst replace it by the
system,
uðx; rÞ ¼ fðx; rÞ þ k
Z b
a
Uðt; rÞdt; ð17Þ
uðx; rÞ ¼ fðx; rÞ þ k
Z b
a
Uðt; rÞdt: ð18Þ
where
Uðt; rÞ ¼ kðx; tÞuðt; rÞ kðx; tÞP 0
kðx; tÞuðt; rÞ kðx; tÞ < 0

ð19Þ
and
Uðt; rÞ ¼ kðx; tÞuðt; rÞ kðx; tÞP 0
kðx; tÞuðt; rÞ kðx; tÞ < 0

ð20ÞTheorem 1 [17]. Let kðx; tÞ be continuous for a 6 x; t 6 b and
~fðxÞ a fuzzy continuous of x; a 6 x 6 b. If k < 1MðbaÞ, where
M ¼ max
a6x;t6b
jkðx; tÞj;
then the interative procedure
~u0ðxÞ ¼ ~fðxÞ;
..
.
~ukðxÞ ¼ ~fðxÞ þ k
Z b
a
kðx; tÞ~uk1ðtÞdt; ; kP 1;
converges to the unique solution of (16). Specially,
sup
a6x6b
Dð~uðxÞ; ~ukðxÞÞ 6 L
k
1 L supa6x6bDð~u0ðxÞ; ~u1ðxÞÞ;
where L ¼ kMðb aÞ.5. Solving linear fuzzy Fredholm integral equation
In this section, we present HBT method to solve linear Fred-
holm fuzzy integral equation of the second kind. Throughout
this paper, we consider Fuzzy Fredholm integral Eq. (16), with
a ¼ 0; b ¼ 1 and k ¼ 1, where ~uðxÞ and ~fðxÞ are in L2ð½0; 1ÞÞ
634 F. Mirzaeeand kðx; tÞ belongs to L2ð½0; 1Þ  ½0; 1ÞÞ. We want to determine
HBT pair coefﬁcients of uðxÞ in the interval ½0; 1Þ form the
know functions ~fðxÞ and kernel kðx; tÞ. First consider the
Eqs. (16)–(18). clearly, we can write Eqs. (16)–(18), in the fol-
lowing form
uðx; rÞ ¼ fðx; rÞ þ k
Z 1
0
kðx; tÞuðt; rÞdt; ð21Þ
uðx; rÞ ¼ fðx; rÞ þ k
Z 1
0
kðx; tÞuðt; rÞdt: ð22Þ
For solve Eq. (21), by HBT method, we must let approximate
uðx; rÞ; fðx; rÞ and kðx; tÞ by Eq. (8) as follows
uðx; rÞ ’ HTðxÞUHðrÞ; ð23Þ
fðx; rÞ ’ HTðxÞFHðrÞ; ð24Þ
kðx; tÞ ’ HTðxÞKHðtÞ: ð25Þ
With substituting above equations into Eq. (21), we have
HTðxÞUHðrÞ ¼ HTðxÞFHðrÞ
þ k
Z 1
0
HTðxÞKHðtÞHTðtÞUHðrÞdt; ð26Þ
or
HTðxÞUHðrÞ ¼ HTðxÞFHðrÞ
þ kHTðxÞK
Z 1
0
HðtÞHTðtÞdt
 
UHðrÞ; ð27Þ
by substituting Eq. (10) into above equation we get
HTðxÞUHðrÞ ¼ HTðxÞFHðrÞ þ kHTðxÞKDUHðrÞ; ð28Þ
then
U ¼ Fþ kKDU) ðI kKDÞU ¼ F;
where I is ðNMNMÞ-identity matrix, then we can write
above equation as the following form
U ¼ ðI kKDÞ1F:
By solving this matrix system, we can ﬁnd matrix UNMNM,
so uðx; rÞ ’ HTðxÞUHðrÞ. The same trend holds for Eq. (22).
6. The convergence of the method
In this section, we obtain error estimate for the numerical
method proposed in previous section.Table 1 Numerical results of Example 1 with HBT method and bl
r Exact solution ðuðx; rÞ; uðx; rÞÞ HBT meth
0.0 (0.00000000000000000,1.00000000000000000) (0.0000000
0.1 (0.05000000000000000,0.95000000000000000) (0.0500000
0.2 (0.10000000000000000,0.90000000000000000) (0.1000000
0.3 (0.15000000000000000,0.85000000000000000) (0.1500000
0.4 (0.20000000000000000,0.80000000000000000) (0.2000000
0.5 (0.25000000000000000,0.75000000000000000) (0.2500000
0.6 (0.30000000000000000,0.70000000000000000) (0.3000000
0.7 (0.35000000000000000,0.65000000000000000) (0.3500000
0.8 (0.40000000000000000,0.60000000000000000) (0.4000000
0.9 (0.45000000000000000,0.55000000000000000) (0.4500000Theorem 2. The solution of Fredholm fuzzy integral equation
Eq. (16), by using HBT converges if M < 1, where
M ¼ max
06x;t1
jkðx; tÞj:
Proof. Assume ~uðxÞ and ~uNMðxÞ show approximate and exact
solution of Eq. (16) respectively. Then
Dð~uðxÞ; ~uNMðxÞÞ¼D
Z 1
0
kðx;tÞ~uðtÞdt;
Z 1
0
kðx;tÞ
XN
i¼1

XM1
j¼0
uijhij dt
 !
6M
Z 1
0
D ~uðtÞ;
XN
i¼1

XM1
j¼0
uijhij
 !
dt;
therefore we have
Dð~uðxÞ; ~uNMðxÞÞ 6M
Z 1
0
Dð~uðtÞ; ~uNMðtÞÞdt;
sup
x2½0;1
Dð~uðxÞ; ~uNMðxÞÞ 6M sup
x2½0;1
Dð~uðtÞ; ~uNMðtÞÞ:
Therefore, if M < 1, we will have:
lim
NM!1
sup
x2½0;1
Dð~uðxÞ; ~uNMðxÞÞ ¼ 0: 7. Numerical examples
Here, we consider three examples to illustrate the HBT method
for Fredholm fuzzy integral equations.
Example 1. Consider the following FFIE-2 with [18]
fðx; rÞ ¼  1
3
x2 þ x2rþ 1
3
xþ 1
4
r 1
12
;
fðx; rÞ ¼ 1
3
x–x2r 1
4
rþ 5
3
x2 þ 5
12
;
and
kðx; tÞ ¼ ð2t 1Þ2ð1 2xÞ; 0 6 x; t 6 1 and k ¼ 1:
The exact solution in this case is given by
uðx; rÞ ¼ rx;
uðx; rÞ ¼ ð2 rÞx:ock-pulse functions method.
od for x ¼ 0:5 and M ¼ 4;N ¼ 2 Block-pulse method of [18]
for x ¼ 0:5 and n ¼ 32
0000000000,1.00000000000000000) (0.007956,1.024160)
0000000000,0.95000000000000000) (0.056347,0.975770)
0000000000,0.90000000000000000) (0.104737,0.927379)
0000000000,0.85000000000000000) (0.153128,0.878988)
0000000000,0.80000000000000000) (0.201519,0.830598)
0000000000,0.75000000000000000) (0.266040,0.766077)
0000000000,0.70000000000000000) (0.314430,0.717986)
0000000000,0.65000000000000000) (0.362820,0.669290)
0000000000,0.60000000000000000) (0.411210,0.630905)
0000000000,0.55000000000000000) (0.359603,0.572514)
Numerical solution of Fredholm fuzzy integral equations 635Results are shown in Table 1. In Table 1, in x ¼ 0:5 for
M ¼ 4;N ¼ 2, the HBT method reaches to exact solution but
block-pulse functions in [18] reaches the approximate solution
for n ¼ 32.
Example 2. Consider the following FFIE-2 with [19]
fðx; rÞ ¼ ðr2 þ rÞðsin
	 x
2


 0:05sinðxÞð1 sinð1ÞÞÞ;
fðx; rÞ ¼ ð4 r3  rÞðsin
	 x
2


 0:05sinðxÞð1 sinð1ÞÞÞ;
and
kðx; tÞ ¼ 0:1sinðxÞsin t
2
	 

; 0 6 x; t 6 1 and k ¼ 1:
The exact solution in this case is given byTable 4 Numerical results of Example 3 with HBT method.
r Exact solution ðuðx; rÞ; uðx; rÞÞ
0.0 (0.0000000000000000,0.2000000000000000)
0.1 (0.0100000000000000,0.1900000000000000)
0.2 (0.0200000000000000,0.1800000000000000)
0.3 (0.0300000000000000,0.1700000000000000)
0.4 (0.0400000000000000,0.1600000000000000)
0.5 (0.0500000000000000,0.1500000000000000)
0.6 (0.0600000000000000,0.1400000000000000)
0.7 (0.0700000000000000,0.1300000000000000)
0.8 (0.0800000000000000,0.1200000000000000)
0.9 (0.0900000000000000,0.1100000000000000)
Table 2 Numerical results of Example 2 with HBT method.
r Exact solution ðuðx; rÞ; uðx; rÞÞ HBT method for x ¼ 0
0.0 (0.000000000000000,0.989615837018092) (0.000000000000000,0.
0.1 (0.027214435517998,0.964628037133385) (0.027214411801417,0.
0.2 (0.059376950221086,0.938155813493151) (0.059376898475819,0.
0.3 (0.096487544109264,0.908714742341863) (0.096487460023205,0.
0.4 (0.138546217182533,0.874820399923993) (0.138546096443577,0.
0.5 (0.185552969440892,0.834988362484015) (0.185552807736933,0.
0.6 (0.237507800884342,0.787734206266401) (0.237507593903274,0.
0.7 (0.294410711512882,0.731573507515624) (0.294410454942601,0.
0.8 (0.356261701326513,0.665021842476158) (0.356261390854912,0.
0.9 (0.423060770325234,0.586594787392474) (0.423060401640207,0.
Table 3 Numerical results of Example 2 with TFs method.
r Exact solution ðuðx; rÞ; uðx; rÞÞ TFs method fo
0.0 (0.00000000,1.00000000) (0.00000000,1.
0.1 (0.05000000,0.95000000) (0.05000064,0.
0.2 (0.10000000,0.90000000) (0.10000128,0.
0.3 (0.15000000,0.85000000) (0.15000192,0.
0.4 (0.20000000,0.80000000) (0.20000256,0.
0.5 (0.25000000,0.75000000) (0.25000321,0.
0.6 (0.30000000,0.70000000) (0.30000385,0.
0.7 (0.35000000,0.65000000) (0.35000449,0.
0.8 (0.40000000,0.60000000) (0.40000513,0.
0.9 (0.45000000,0.55000000) (0.45000577,0.uðx; rÞ ¼ ðr2 þ rÞsin x
2
 
;
uðx; rÞ ¼ ð4 r3  rÞsin x
2
 
:
Results are shown in Tables 2 and 3.
Example 3. Consider the following FFIE-2 with [19,20]
fðx; rÞ ¼ rx–x2
h
2
3
rx3  4
3
x3  1
2
rx2 þ x2 þ 1
12
r 1
12
i
;
fðx; rÞ ¼ ð2 rÞxþ x2
h
2
3
rx3  1
2
rx2 þ 1
12
r 1
12
i
:
and
kðx; tÞ ¼ x2ð1 2tÞ; 0 6 x; t 6 1 and k ¼ 1:
The exact solution in this case is given byHBT method for x ¼ 0:1, and M ¼ 2;N ¼ 1
(0.0000000000000000,0.2000000000000000)
(0.0100000000000000,0.1900000000000000)
(0.0200000000000000,0.1800000000000000)
(0.0300000000000000,0.1700000000000000)
(0.0400000000000000,0.1600000000000000)
(0.0500000000000000,0.1500000000000000)
(0.0600000000000000,0.1400000000000000)
(0.0700000000000000,0.1300000000000000)
(0.0800000000000000,0.1200000000000000)
(0.0900000000000000,0.1100000000000000)
:5 and M ¼ 4;N ¼ 2 HBT method for x ¼ 0:5 and M ¼ 8;N ¼ 4
989614974596977) (0.000000000000000,0.989615837018087)
964627196488403) (0.027214435517997,0.964628037133380)
938154995917934) (0.059376950221085,0.938155813493146)
908713950423674) (0.096487544109263,0.908714742341859)
874819637543727) (0.138546217182532,0.874820399923989)
834987634816199) (0.185552969440891,0.834988362484011)
787733519779193) (0.237507800884341,0.787734206266397)
731572869970815) (0.294410711512881,0.731573507515621)
665021262929168) (0.356261701326511,0.665021842476154)
586594276192358) (0.423060770325232,0.586594787392471)
r [19] x ¼ 0:5 and n ¼ 30 Absolute error of TFs method
00001284) (0.00000000,1.2843e05)
95001220) (6.4216e07,1.2201e05)
90001155) (1.2843e06,1.1559e05)
85001091) (1.9265e06,1.0916e05)
80001027) (2.5686e06,1.0274e05)
75000963) (3.2108e06,9.6325e06)
70000899) (3.8530e06,8.9903e06)
65000834) (4.4951e06,8.3481e06)
60000770) (5.1373e06,7.7060e06)
55000706) (5.7795e06,7.0638e06)
Table 5 Numerical results of Example 3 with TFs method and HAM method in h ¼ 1:1.
r Exact solution ðuðx; rÞ; uðx; rÞÞ HAM method [20] for x ¼ 0:1 and n ¼ 3 TFs method [19] for x ¼ 0:1 and n ¼ 30
0.0 (0.00000000,0.20000000) (0.00075283,0.19790222) (0.00040834,0.19642857)
0.1 (0.01000000,0.19000000) (0.01075692,0.18804429) (0.01020935,0.18662756)
0.2 (0.02000000,0.18000000) (0.02076101,0.17818636) (0.02001036,0.17682654)
0.3 (0.03000000,0.17000000) (0.03076511,0.16832842) (0.02981138,0.16702553)
0.4 (0.04000000,0.16000000) (0.04076920,0.15847049) (0.03961239,0.15722452)
0.5 (0.05000000,0.15000000) (0.05077329,0.14861256) (0.04941340,0.14742351)
0.6 (0.06000000,0.14000000) (0.06077739,0.13875463) (0.05921441,0.13762250)
0.7 (0.07000000,0.13000000) (0.07078148,0.12889670) (0.06901542,0.12782149)
0.8 (0.08000000,0.12000000) (0.08078557,0.11903877) (0.07881643,0.11802048)
0.9 (0.09000000,0.11000000) (0.09078967,0.10918083) (0.08861744,0.10821947)
636 F. Mirzaeeuðx; rÞ ¼ rx;
uðx; rÞ ¼ ð2 rÞx:
Results are shown in Tables 4 and 5.8. Conclusion
Fuzzy integral equations are important for studying and
solving a large proportion of the problems in many topics in
applied mathematics, in particular in relation to fuzzy control.
In many case, it is required to obtain the approximate
solutions. For this purpose, in this paper we presented a new
approach for solving linear (FFIE-2) using HBT method. By
the embedding method, the original equation is converted to
two crisp (FFIE-2). Then, we apply the two NM-set of HBT
for approximation of the unique solution of (FFIE-2). The
efﬁciency and simplicity of this method are illustrated by intro-
ducing some numerical examples with known exact solutions.
The main advantage of this method is low cost of setting up
the equations without using any projection method and any
integration.
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